Using mathematical modeling and computer simulation, nonlinear dynamics of rubberbased polymers has been studied with due regard for the effect of thermal relaxation. Main results have been obtained for the case of elongational oscillations of a ring-shaped body subjected to periodic (''internal'')boundary conditions. Particular emphasis has been placed on high-frequency and short spatial variations of temperature and displacement, in which the role of nonlinearities in the dynamics of the material and their close connection with the effect of thermal relaxation time can be best appreciated. It is shown how the vanishing relaxation time can lead to an attenuation of nonlinear effects in the thermomechanical system.
INTRODUCTION
The effect of thermal relaxation in rubber-based polymers is one of the characteristics that render them different from ''hard'' solids. In idealized solids, thermal energy is transported by quantized electronic excitations (free electrons) and by the quanta of lattice vibrations (phonons). A relaxation time appears naturally as the characteristic of thermal resistance in the solid, due to dissipative collisions of these quanta. Such thermal resistance is more markedly pronounced in such materials as rubber-based polymers, which are important in a wide range of applications [1] .
Thermal relaxation is responsible for finite speed of heat propagation. This effect is also known as the ''second sound'' or the hyperbolic effect, due to the type of the equation governing heat propagation [2] [3] [4] [5] .
Most contributions to the rigorous analysis of coupled thermomechanical fields in thermoelasticity theory have traditionally been devoted to linear models (see [6] and references therein). Rubber-based polymers provide a classical example in which nonlinear effects are essential in the adequate description of the material dynamics. Using the phenomenology of these materials [7, 8] , only few recent articles discuss numerical results obtained for these materials with general nonlinear models of thermoelasticity (see [9] [10] [11] [12] and references therein). Nonlinearities in the dynamics of rubber-based polymers are closely interwoven with the effect of second sound.
So far there have been no attempts to employ hyperbolic models to study nonlinear thermoelasticity. In order to bridge this gap, our aim in this article is to explore a combined effect of nonlinearity and thermal relaxation time in rubber-based polymers.
To simplify mathematical analysis, we consider elongational oscillations of a ring-shaped body ( Figure 1 ) made of the rubber-based polymeric material. An experimental setup for the problem can be thought of in the following way. The elastic ring is put inside a circular tube with rigid walls. It is assumed that the tube is lubricated from inside and that friction between the polymeric solid material and the tube walls is negligible. When the material is undisturbed, there is no gap between the rubber-based polymer and the walls. Initial local heating will cause a (local) expansion of the rubber-based polymer, with its particles having the freedom to move only along the tube. As a result, one-dimensional thermoelastic waves will start propagating, with volume changes forced by the rigid walls. This setup gives an example of the dynamics that is attractive from a physical point of view and is convenient to study numerically. Indeed, the ring, regarded as a one-dimensional structure, has no ends and therefore is not subjected to externally imposed boundary conditions at the ends (while spatial periodicity with the period equal to the ring's perimeter can be viewed as an ''internal'' boundary condition). This property makes the ring an ideal model object for studying intrinsic dynamics of coupled thermomechanical systems. Furthermore, it is important that for systems with such a topology we can effectively employ a relatively simple Fourier decomposition approach which automatically guarantees the periodicity of the unknown fields.
The article is organized as follows. In Section 2 we formulate basic balance equations governing the dynamics of the material and complement them by constitutive relations. In Section 3 we specify the free-energy function, allowing for the volumetric contributions and coupled thermomechanical effects. Section 4 is devoted to a model of elongational oscillations of a ring-shaped structure. The interactions between nonlinear oscillations of the structure, induced by thermomechanical coupling, and the thermal relaxation time are demonstrated by numerical examples in Section 5.
BALANCE EQUATIONS AND CONSTITUTIVE RELATIONS
We assume that the motion of the rubber-based polymer material is governed by the kinematic laws, 
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where I is the second-order identity tensor. Further, let q be the mass density of the material, e be the internal energy (per unit volume), T be the Cauchy (true) stress tensor that measures the contact force per unit area in the deformed configuration, v be the velocity vector, q be the heat flux, F 1 ¼ qf 0 be the density of the applied volumetric body force f 0 , and F 2 be the heat density (all measured in the body current configuration). Then, the evolution of a thermoelastic body can be described by a coupled system consisting of three balance equations, for linear momentum, mass, and energy, which in the Eulerian (spatial) formulation has the form (see [13] , p. 18, e.g.) Since T measures force per unit area in the present (deformed) configuration of the body, the use of T in the Eulerian setting is most natural [15] . However, in compressible applications of thermoelasticity theory the assumption of isochoric (or volume-preserving) deformations, J det F ¼ 1, can be violated locally. This gives us a good practical reason to transform the system (2.3) to another form. This transformation involves the multiplication of balance equations for momentum and energy by J and the use of the Lagrangian form of the balance-of-mass equation [9, 11, 16] . The resulting equations are written then in terms of the weighted Cauchy tensor (the Kirchhoff stress)T T ¼ JT. Note that in this formulation _ F F ¼ r x v. Since under constraints like those described in the Introduction the rubberbased polymers and other complex solid polymers exhibit volume changes [17] [18] [19] , it is practical to reformulate model (2.3) in the equivalent Lagrangian (referential) form that will be used for our analysis in the subsequent discussion:
where r ¼ JF F T T is the (generally not symmetric) nominal stress tensor that measures force per unit area in the reference configuration,
The next step in the model formulation is to refine constitutive relationships, including stress-strain and strain energy applied to modeling the behavior of rubber-based polymeric materials. In a standard manner, the volume-preserving part of the strain energy function is approximated in terms of the three principal semiaxes of the strain ellipsoid (or simply, extension ratios k i ; i ¼ 1; 2; 3; corresponding to principal stretches) by assuming that the initial state ðx 0 ; y 0 ; z 0 Þ is deformed via the affine deformation x ¼ k 1 x 0 ; y ¼ k 2 y 0 ; z ¼ k 3 z 0 . Mathematically, the squares of these extension ratios can be defined as the eigenvalues of the Finger C (or Cauchy B) strain tensor, e.g., [12, 16] . If we further assume that there is no change of internal energy during deformation, we can define the elastic property of rubber-based polymeric materials in the Gaussian region by the strain-energy relation that follows from the standard thermodynamic analysis (e.g., [7] , p. 65),
where DS is the total entropy of deformation, w e is the elastic part of the free-energy function per unit volume of the material, and h 0 is the absolute temperature. The shear modulus, G, in (2.5) is defined by G ¼ Nkh 0 ¼ qRh 0 =M c , where k is the bulk modulus, R is the gas constant per mole, N is the number of chains per unit volume, M c is the (number average) chain molecular weight. The above expression for the elastic part of the free-energy function has been derived under isothermal conditions [7, 12] and strictly speaking can be applied to reversible isothermal processes only. Note that in this case the stress-strain relation is given by S ¼ 2q 0 qw e =qC ¼ q 0 qw e =qE, with S being the second Piola-Kirchhoff stress that is connected to the Cauchy stress tensor by the standard relationship (e.g., [12, 16, 20] ). The above relation, exact for the isothermal and isentropic processes, defines hyperelastic (or Green elastic) materials as opposed to Cauchy elastic materials that have a nonconservative structure (e.g., [8] , p. 176). The Cauchy stress for hyperelastic materials is given by T ¼ qðqw e =qFÞF T , where the derivative is taken for fixed temperature h (see [12] , p. 64; [16] , and [21] , p. 266). This is used in the Eulerian formu-
However, taking into account that Fðqw e =qEÞ ¼ qw e =qF ¼ ðqw e =qEÞF T , we get the expression for the nominal stress that we use in our computations with the model (2.4) (e.g., [8] , p. 153), r ¼ q 0 ðqw e =qEÞF T q 0 HðFÞ; where the nominal stress is understood as the elastic response function HðFÞ of a material under consideration. Rubberbased polymericmaterials provide a prime example in which such a response is essentially nonlinear. Due to the nonlinearity, in the general case (2.5) has to be corrected to allow for the non-Gaussian chain statistics. Many authors use the standard Mooney correction of the elastic part of the free energy, w e . The main disadvantage of this approach is that by using such a representation [as well as (2.5)] for the elastic part of the free-energy function, it is difficult to separate isochoric (deviatoric) and volumetric contributions. An alternative representation of the volume-preserving part of the strain-energy function [w e ðEÞ] is given in terms of the strain invariants of right-or left-modified Cauchy-Green tensor
3, are the eigenvalues of C C, known as the modified principal deviatoric stretches, which satisfy the standard incompressibility condition [12, 16] . Then the elastic part of the free-energy function can be given in the Rivlin form w e ¼ P N i;j¼0 C ij ð I I 1 À 3Þ i ð I I 2 À 3Þ j ; C 00 ¼ 0, which describes Mooney-Rivlin materials when N ¼ 1 (as well as neo-Hookean materials when, in addition, C 01 ¼ 0). Unfortunately, in the general case the elastic part of the free-energy function represented in the above form cannot be decoupled in the principal directions, and therefore fails to satisfy the ValanisLandel hypothesis requiring separability of the strain-energy function,
A theoretical justification of this condition is provided by the Taylor expansion of w e near the isochoric pure dilatation
It can be shown (see [8] , p. 494) that, up to the fifth order, w e can be represented in a separable form. In this article we use the Ogden form of the strain-energy function, which automatically satisfies the Valanis-Landel hypothesis:
where N ! 3, m j , a j , j ¼ 1; . . . ; N, are material-dependent constants. We note that the expression (2.6) (and other approximations of the elastic part of the free-energy function discussed above) does not allow automatically for thermal effects. However, these effects are critical for rubber-based polymeric materials, and the dependence of constitutive relation on temperature will be a subject of our discussion in the next section.
APPROXIMATIONS OF THE FREE-ENERGY FUNCTION
There are two important issues to be discussed in this section. First, for the rubber-based material under constraints, which we consider in this article, the volumetric contribution is essential. In this case, one of the typical assumptions imposed on the free-energy function is its decoupled structure, which is often taken for granted in the literature in the context of numerical experiments conducted for rubber-like materials [22] [23] [24] [25] . However, it is known that in the general case the free-energy function cannot be split as a pure sum of two components, one due to shear (elastic part) and the other due to volume change (see, e.g., [8, 12] and references therein). In fact, the idea of coupling between the two components was originally motivated by experimental works that go back to the early 1970s (e.g., [26] ), when it was shown that at large enough extensions the strain energy for rubber-based materials cannot be expressed as a sum of the above two parts. Therefore, in the general case a proper inclusion of volumetric contributions into the free-energy function is a nontrivial task.
Second, as we mentioned before, the stress-strain relation discussed in the previous section remains, in essence, uncoupled with the temperature field of the material. We emphasize, however, that the thermomechanical coupling is a key phenomenon for rubber-based polymeric materials, and uncoupled models may lead to misleading results in computing the dynamic behavior of these materials. 
Allowing for Volumetric Contributions
Formally, for an arbitrary dilatation parameter E ¼ J À 1, we can take into account the volumetric part of the free-energy function by splitting the free-energy function into distortional and dilatational components,
wherek k g is the ground-state bulk modulus in pure dilatation (i.e., where
, and gðJÞ is a function chosen from the consistency conditions with the classical theory (see [8] , p. 518). Note that the case of J ¼ 1 is a particular case of J ¼ h with h > 0 and h ! 1 (e.g., [25] ). Since the dilatation parameter is typically small in the context of rubber-like polymeric materials most widely used in applications ($10 À4 ), this function can often be chosen as identically zero and the decomposition of the motion into a volume-preserving distortional part and a dilatational part can be simplified. Indeed, in this case the dilatation effect can be well approximated by the following expansion (typically the first two terms will do the job):
Unfortunately, as we mentioned earlier, in the general case the free-energy function cannot be represented as a simple sum of its volumetric and isochoric components. Below we explain how the coupling between these two components can be taken into account.
Thermomechanical Coupling via the Free-energy Function
We effectively couple volumetric and isochoric parts of the free-energy function by introducing a coupling factor f ðJ; hÞ [12] , wð E E; hÞ ¼ w vol ðJ; hÞ þ f ðJ; hÞw iso ð E E; hÞ ð 3:3Þ
where we use a new notation, w, for the free-energy function (instead of the old one, w e ) to reflect its dependency on temperature. Note that energy functions dependent on both the deformation gradient and the temperature are used frequently in the literature, but at the computational level most authors assume that f ¼ 1, which may not always be appropriate (e.g., [12, 26] ) in the analysis of rubber-based materials. The volumetric part of the free-energy function is determined via the penalty arguments w vol ¼ P N N i¼1 D if f i ðJ; hÞ, with D i being interpreted as a penalty for imposing the incompressibility constrain. Specific choices of functionsf f i for rubberbased materials have been analyzed in the literature by various authors (e.g., [12, 16, 25] ). Here by setting h ¼ h 0 (which should lead to w vol ¼ 0 due to a choice off f i ) and f ¼ 1 representation (3.3) is reduced to the classical incompressible case where w iso ¼ w e w is a function of k k i ; i ¼ 1; 2; 3 only. In the general case, however, 1 Recall that in the decomposition of the strain E ¼ E Ã þ 1=3½trðEÞI; E Ã is called the distortional part of the strain and tr E is the dilatational part (e.g. [8] , p. 348). function w iso is dependent on both strain E E and temperature h and is represented as a sum of two parts, equilibrium, w 1 , and nonequilibrium, w 2 ,
Then, according to [11, 22] , we can postulate that is the free-energy at the temperature h 0 , E jk are components of the strain tensor E, and b jk are elements of the thermoelastic pressure matrix (in the linear case, it is the matrix product between the matrix of elastic moduli and the thermal expansion matrix). Using arguments of [9] (see also p. 366 in [11] ), in our work we set w 2 ¼ 0. In this case the resulting free-energy function is an analog of the Taylor expansion of the Helmholtz free-energy function in the vicinity of the natural state (E ij ¼ 0 and h ¼ h 0 ) in the classical linear theory of thermoelasticity [27] ,
wherec c is the heat capacity and c ijkl is the elastic coefficients tensor. Note that the third term in (3.6) is the thermomechanical coupling term. Finally, we note that for computational experiments reported in Section 5, the volumetric part of the free-energy function in (3.3) is chosen as w vol ¼ c c h À h 0 À h log h=h 0 ð Þ , where c c is the rigid heat capacity [9] . Having the free-energy function, the internal energy (per unit reference volume) is determined via the entropy, g, in the standard manner as
The general form of the free-energy function brings appropriate corrections to the stress-strain relation. Recall that since w e is just an isothermal part of the freeenergy function, the stress-strain relation can be ''exact'' only for isentropic (g is kept constant) or isothermal (h is kept constant) processes. In the context of entropy-elastic materials, we have to cover a more general case, hence we refine these approximations as follows:
D DÞ and as a special case
where K is a set of independent variables chosen for the adequate description of material behavior and such that the entropy inequality is satisfied (see Section 5.3 in [21] for details). The free-energy function (per unit reference volume), w, in (3.13) is determined by (3.3). We do not consider here viscous and rheological effects, although such effects may become detectable in rubber-like polymeric materials when impulse diffuses through the material in the process of microscopic motion of particles. The reader can consult [11, 21, 28] on the existing procedures for how such effects can be incorporated. In what follows, the main focus will be on the effect of thermal relaxation and its influence on the nonlinear dynamics of the thermomechanical system. This effect is introduced into our model by the Cattaneo-Vernotte (CV) equation (e.g., [29, 30] ),
where q is the heat flux, K is the heat conduction coefficient, and s 0 is the thermal relaxation time. This equation evolves into the standard Fourier law, q ¼ ÀKrh, in the limit of vanishing relaxation time s 0 ! 0 þ . Finally, we note that the model described in this section may be enhanced to include rheological effects. This can readily be handled with known procedures (e.g., [11] ).
ELONGATIONAL OSCILLATIONS OF A RING-SHAPED STRUCTURE
The definition of the strain according to formula (2.2) (and ultimately, the definition of the free-energy function) requires the specification of kinematic laws (2.1). As soon as such laws are specified for the rubber-based polymeric material, we can perform the analysis of nonhomogeneous situations, in which the strains may vary from point to point in the deformed body.
Given experimental evidence of the importance of volumetric changes in rubber-based materials [17] [18] [19] , it is instructive to consider an example in which the deviation of the material from incompressible conditions is allowed. The ringshaped structure described in the Introduction is curved, so that solid particles are moved along curved trajectories. If, however, the radius of the ring is sufficiently large while the displacements of the particles are small, their trajectories can be well approximated by straight lines. We therefore can use Cartesian coordinates for the analysis of the one-dimensional elongational motion of the ring defined by the kinematics
In this case, the coordinate x x 1 is directed along the ring, while coordinates x 2 and x 3 are directed across the ring. It must be emphasized that this motion can be exhibited in compressible materials only. The law (4.1) is clearly different from that of the elongational motion under near-incompressibility conditions [15] , for example, y 1 ¼ x þ uðx; tÞ; y 2 ¼ x 2 = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 1 þ u x ðx; tÞ p ; y 3 ¼ x 3 = ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi 1 þ u x ðx; tÞ p . For the kinematic law (4.1), the deformation gradient (2.2) is defined by the diagonal matrix F ¼ diag 1 þ qu=qx; 1; 1 ð Þwhere we set x 1 x to simplify notation. Hence, the Finger strain tensor has the form B ¼ diagð 1 þ qu=qx ð Þ 2 ; 1; 1Þ which provides us with three eigenvalues denoted further as
2 . Therefore, J as a function of qu=qx; and modified principal deviatoric stretches can be represented in the form
ð4:2Þ
As rubber-based polymers may exhibit large deformations, in principle the energy and other functions should be taken in the general forms suitable for both small and large deformations. Since in this section we focus only on the case of small perturbations, these general forms can be reduced to simpler ones by decomposing them into Taylor series in qu=qx and ðh À h 0 Þ. Indeed, substituting (4.2) into w 0 1 and retaining only linear and quadratic terms in the Taylor series, we get
Under the assumption of Section 3.2 the remaining terms in the free-energy function (3.3) turn into zero when h ¼ h 0 . Referring to [31] , we note that for u 0 there should be no internal stresses (r 0). Hence, due to (3.13), we conclude that linear terms should be absent in the expansion of w 0 1 , and therefore P 3 i¼1 m i ¼ 0. Further, we note that for the available data for many rubber-like polymers [11, 32] Then we take the shear-moli-related function gðhÞ ¼ bðh=h 0 Þ a þ d in the simplest form corresponding to a ¼ 0. In this case dg=dh ¼ 0 and consequently we have
Substituting (4.5) and (4.4) into (3.5) for i ¼ 1 and replacing b jk by a scalar b, we obtain
In view of (3.4) and w 2 ¼ 0, the formula (4.6) also represents the function w iso . Inserting (4.6) and the expression for w vol (see Section 3) into (3.3), in which we assume for simplicity that f ðhÞ ¼ 1, yields the function w:
Expression (4.7) can be simplified further by decomposing logðh=h 0 Þ into Taylor series in small value ðh À h 0 Þ=h 0 :
Substituting (4.8) into (4.7) reduces the latter to the form
The stress is readily determined by differentiating (4.9) with respect to qu=qx:
The energy e is determined from (3.7) with the help of (4.9):
We note that the first term on the right-hand side of (4.12) contains the small multiplier ðh À h 0 Þ=h 0 . Disregarding this term, we get
Using (4.10) we have
Now we are in a position to rewrite the momentum and energy balance equations (2.4) using (4.10), (4.13), and (4.14). Together with the Cattaneo-Vernotte (CV) equation they have the form
The heat flux q can be excluded from (4.15) in a straightforward manner by (1) differentiating the CV equation with respect to x, which leads to
and (2) substituting therein the derivative qq=qx extracted from the energy equation. Doing so, we obtain 
It is easy to see that the linearized version of (4.17) coincides with the linear Lord-Shulman model of hyperbolic thermoelasticity [33] . In this sense, the system (4.17) can be viewed as a generalization of the classical Lord-Schulman theory to nonlinear hyperbolic thermoelasticity [5] . All quantities of the model (4.18) can be nondimensionalized using appropriate combinations of the dimensional parameters with independent dimensionalities. We have seven dimensional parameters in the model:
In (4.19) there are only four parameters with independent dimensionalities, and using ðq 0 ; k 0 ; h 0 ; KÞ as those, we obtain the following dimensional scales:
Omitting algebraic rearrangements, we write the nondimensional system in which, for simplicity, we use the same variables' notations as above:
In the ring-shaped body of the perimeter L, the thermomechanical fields are spatially periodic, with the period L linked to the basis wave number k ¼ 2p=L. We introduce fields of velocity and rate of temperature change, v ¼ qu=qt; q ¼ qT=qt, and seek the solution to (4.21) in the form of a Fourier series:
Substituting (4.21) into (4.20) and equating coefficients near expðink 0 xÞ leads to an infinite system of coupled ordinary differential equations for the Fourier amplitudes:
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NUMERICAL ANALYSIS OF A COMBINED EFFECT OF THERMAL RELAXATION AND THERMOMECHANICAL COUPLING IN NONLINEAR DYNAMICS
In all numerical experiments reported in this section, we use the values of model parameters typical for polyisoprene [32] : Substituting these values into (4.19), we obtain
In studying nonlinear dynamics of rubber-based polymeric materials with due regard to the effect of thermal relaxation, the fact that the time scale turns out to be very small is handy for the analysis of this dynamics. Indeed, note that the thermal relaxation time is also small, typically of the order of 10 À15 À 10 À12 s, depending on the material (see, e.g., [30, [34] [35] [36] [37] and references therein). Since the value of t Ã is less than or comparable to typical relaxation times, this will ensure the sensitivity of the model to fast processes in which the role of thermal relaxation cannot be ignored. The associated small value of x Ã will allow us to resolve corresponding short spatial variations of thermal and mechanical fields.
However, care must be taken when dealing with the short spatial scales. Indeed, for fast and spatially short-scale processes, such as the second sound, the physical system is not in a state of local thermodynamic equilibrium and heat carriers should not obey any universal velocity distribution (e.g., Maxwell distribution). As a consequence, a difficulty arises in how to sensibly define the temperature, as it cannot be related to the kinetic energy of heat carriers averaged over some elementary space volume. At atomic length scales such volumes may even contain just one carrier, so that the averaging procedure loses sense. Traditionally, the elementary volume is assumed to have comparable extensions in all three dimensions (e.g., [38, 39] and references therein).
Our idea is to choose the initial conditions to the problem in such a way that the problem exhibits high frequency and short spatial distributions of temperature, leading to a situation in which thermal coupling and relaxation effects become important.
We define the temperature in a nontraditional way, designed specifically for extremely short quasi-one-dimensional waves like the second sound in elastic rings. The definition is similar to that originally proposed in [38] (see also [29] ) in which temperature waves-waves of second sound-were studied. The authors of that article simulated the behavior of individual atoms in a three-dimensional lattice exposed to an initial heat pulse applied at the lattice end. The results were compared to available experimental data on NaF (e.g., [40] ), and satisfactory correlation was revealed at a qualitative level (see also a more recent article [40] and references therein). Note that in these experiments the lattice was supposed to be in thermal equilibrium initially, but the equilibrium was destroyed by the propagating heat wave. Under these conditions the kinetic temperature was introduced as the kinetic energy of atoms averaged over the cross-sectional lattice plane. Thus, the elementary volume was designed to have microscopic extension (comparable to atomic size) in the direction along the wave propagation but extended over many atomic sizes in the transverse direction. Due to the latter property, the elementary volume embraced many atoms; this allowed averaging over them when defining the temperature.
In the similar way, we define the temperature as the average kinetic energy of heat carriers over an elementary volume with extension of order x Ã in the x direction (along the elastic ring) and of much greater extension in the transverse direction (across the ring). Having adopted this temperature definition, we view the CV equation as the model that well reproduces (although phenomenologically) main properties of the second sound, namely, finite propagation velocity and its wavy character.
The first group of experiments was set to demonstrate the influence of thermal relaxation on nonlinear dynamics of the polymeric body. We excited the ring thermally by introducing the initial temperature shown in Figure 2 . Initial displacements and initial time derivatives of displacements and temperature are kept zero, so that we have The factor R in (5.2) is chosen so that the temperature at the maximum of the peak is equal to the melting temperature T m of the polymeric material. For polyisoprene, T m ¼ 35 C, consequently the corresponding nondimensional temperature equals 0.05, which is provided by R ¼ 10 À3 =3. Strictly speaking, once the initial conditions Figure 2 . Initial temperature has the form of a peak.
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are specified, we are left with the only free parameter in our model, namely, the wave number k. However, since the relaxation time is a parameter that is difficult to measure in practice and for most applications its value can be given within a specified range only, it is very instructive to conduct an experiment in which the influence of variations in this parameter on the nonlinear dynamics can be investigated. In what follows, we assume that the typical value of s 0 for the materials under consideration is of the order s 0 % 10 À12 s. We truncate the system (4.22) to a finite number of modes and integrate it in time using the fourth-order Runge-Kutta method. In our experiments we used typically 10 Fourier modes, which was sufficient to provide an accurate representation of the solution. Due to negligibly small contributions of higher modes to the solution of the problem, we observed practically the same profiles of computed thermomechanical fields when larger numbers of modes were used (up to 30).
In Figure 3 Figure 2 ) and the profile computed at the last moment of time, t 1 , are presented separately, while intermediate-time profiles can be judged based on the 3-D plots presented. The dynamics considered in this example are very irregular. Indeed, our computations beyond the chosen limiting moment t 1 showed that, eventually, nonlinear effects started to drive the profiles toward the formation of shock-type waves. The moment of shock-wave formation manifests itself by a typical rippling of displacement and temperature profiles, and therefore can be estimated computationally. In all our experiments we chose the limiting time t 1 small enough to avoid this phenomenon. The shock-wave formation in nonlinear thermoelasticity is a well-known phenomenon (especially in the context of classical models), which has been studied theoretically by a number of researchers (see, for example, [41] ).
For smaller values of k representing a ''stretched-out'' initial temperature peak, a longer period is needed for the nonlinear terms to produce a noticeable effect. For example, Figure 4 (k ¼ 0:01) shows the profiles [of temperature (Figure 4a ) and of displacements (Figure 4b ) formed by the moment t 1 ¼ 500 when the peak changed substantially in height as compared to the initial profile. We found that even after such a relatively long evolution, the nonlinearities still have a negligible effect. This was confirmed by comparing the presented profiles with the profiles obtained with the linearized system (4.21). Another important observation that follows from Figure 4 is that the profiles corresponding to relaxation times smaller than 10 À12 s practically coincide with each other. This is not surprising because, for sufficiently small values of s 0 , the terms with relaxation time [see (4.20) ] practically vanish. We observe that the profile for a relatively large relaxation time corresponding to s 0 ¼ 10 À11 s is clearly different from the other profiles, while the profile for s 0 ¼ 10 À12 s is just slightly different from the profiles corresponding to smaller values of s 0 . Therefore, for given wave number k ¼ 0:01, the relaxation time s 0 ¼ 10 À12 s can be viewed as ''critical'' in the sense that one may expect an increasing influence of the effect of thermal relaxation for polymeric materials with larger values of s 0 . For larger wave numbers k, the nonlinear terms in the energy-balance equation play a significant role at earlier stages of the dynamics. Figure 5 shows profiles of the thermal (Figure 5a ) and mechanical (Figure 5b ) fields for k ¼ 1 at the moment t 1 ¼ 100. The curves presented in this figure demonstrate distinctive difference between the results of computations with the full and the linearized system (4.21).
In the second group of experiments we investigated the combined effect of thermal relaxation and nonlinear oscillatory dynamics of the thermomechanical body. The main result is illustrated by Figure 6 (k ¼ 5) . First, note that the majority of the nonlinear terms in our system (4.20) contain the relaxation time parameter A. By switching from the case s 0 ¼ 10 À12 s to the case s 0 ¼ 10 À15 s, we decrease the value s 0 and, consequently, suppress the nonlinearities. The first term on the right-hand side of the energy-balance equation [see (4.21) ] becomes dominant, and we observe a damping of temperature, which leads eventually to its almost uniform spatial distribution (Figure 6b) .Thereafter, displacements continue to oscillate, obeying, in essence, the usual wave equation of motion. 
This phenomenon should be viewed not only as a result of different roles of nonlinearities in the system, but as a combined effect of nonlinearities and thermal relaxation. Although we demonstrated the significance of this effect only for short spatial and temporal scales, it can be foreseen that the role of thermal relaxation can be far from negligible for larger scales. Indeed, the term containing the relaxation time, AC 2 =B, makes a substantial contribution to the effective coefficient of temperature dissipation, ðB þ AC 2 =BÞ. For the data (5.1), it can be easily found that AC 2 =B ¼ 0:0026 and B ¼ 0:00076. Although this estimate is pretty rough, it clearly points out to the possibility for the ratio AC 2 =B to become appreciable compared to the value of B, even though the value of s 0 remains small. 
CONCLUSIONS
Using computer simulation, we studied the thermomechanical behavior of rubber-based polymeric materials, with special attention given to the role of the thermal relaxation phenomenon in nonlinear dynamics. We considered elongational oscillations of a ring-shaped body, which provided us with an instructive example for studying important features of a combined effect of thermal relaxation and thermomechanical coupling. We derived a nonlinear thermomechanical model based on conventional forms of free-energy functions for these polymeric materials and the Cattaneo-Vernotte equation allowing for the effect of thermal relaxation. The model comprising the equations of motion and energy balance represents a generalization of the classical Lord-Schulman model, and in the linear case the two models are identical. A distinctive feature of our model is its ability to allow for a combined effect of thermal relaxation and nonlinear character of oscillatory dynamics of 
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the thermomechanical system. This effect is most pronounced for high time frequency and short spatial variations of temperature and displacements. This case was analyzed numerically with a computational scheme based on the Fourier decomposition of thermomechanical fields. Since most of nonlinear terms in our model contain the thermal-relaxation time parameter, we conducted a series of numerical experiments to reveal a close connection between nonlinear dynamics of the system and the phenomenon of thermal relaxation. In particular, we demonstrated that vanishing relaxation time can lead to a remarkable damping of nonlinear effects in the dynamics of the thermomechanical system.
